



















SPHERICAL DESIGNS OF HARMONIC INDEX t
EIICHI BANNAI, TAKAYUKI OKUDA, AND MAKOTO TAGAMI
Abstract. Spherical t-design is a finite subset on sphere such that, for any
polynomial of degree at most t, the average value of the integral on sphere
can be replaced by the average value at the finite subset. It is well-known
that an equivalent condition of spherical design is given in terms of harmonic
polynomials. In this paper, we define a spherical design of harmonic index t
from the viewpoint of this equivalent condition, and we give its construction
and a Fisher type lower bound on the cardinality. Also we investigate whether
there is a spherical design of harmonic index attaining the bound.
1. Introduction
Let t be a natural number, Sn−1 the (n − 1)-dimensional unit sphere centered
at the origin. A finite nonempty subset X on Sn−1 is called a spherical t-design if,












where σ is an O(Rn)-invariant measure on Sn−1 and |Sn−1| denotes the surface
volume of the sphere Sn−1. The concept of spherical design was defined by Delsarte-
Goethals-Seidel (refer to [8, 7, 2, 3]). A spherical t-design means to be a good
configuration of points on sphere so that the average value of the integral of any
polynomial of degree at most t on sphere can be replaced by the average value at
the finite set on sphere.
Let △ = ∂2
∂x2
1
+ · · · + ∂2∂x2n be the Laplacian. A polynomial f(x) is harmonic if
△f(x) = 0. Then put
Harmt(R
n) = {f(x) | f(x) is a harmonic and homogeneous polynomial of degree t on Rn} .





) − (n+t−3t−2 ) (refer to [1, page 478 ]). Some
equivalent conditions of spherical design are known. In particular, the following
condition is quite often used([7, 2, 3]):
For any f(x) ∈ Harmj(Rd) and 1 ≤ j ≤ t,
∑
x∈X f(x) = 0.
From this condition, we introduce the following notion which is the main subject
in this paper:
Definition 1.1 (Spherical design of harmonic index t). A finite nonempty subset
X on Sn−1 is called a spherical design of harmonic index t (or simply, harmonic
index t-design) if, for any f(x) ∈ Harmt(Rn),
∑
x∈X f(x) = 0.
We are interested in what figure appears as spherical designs of harmonic index,
and whether we can give a natural lower bound for harmonic index designs similar
to the case of usual spherical design.
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When t is odd, any antipodal two points X = {x,−x} forms a harmonic index
t-design because
∑
x∈X f(x) = f(x) + f(−x) = f(x) − f(x) = 0 for any f(x) in
Harmt(R
n). So, from now on, we consider only the case when t is even.
When t is even, for any f(x) ∈ Harmt(Rn), f(−x) = f(x). So we remark that
one can take harmonic index t-designs just on hemisphere. For any n, t ∈ N, from
Seymour-Zaslavsky’s theorem[16], if we make the number of vertices big enough,
there always exists a harmonic index t-design on Sn−1. We denote the minimum
cardinality of harmonic index t-design on Sn−1 by A(n, t). From the above, we see
that, when t is odd, A(n, t) = 2.
First we consider the case when n = 2 and t = 2e. Let x, y be two unit vectors
in R2 with angular θ = jpi/2e for odd j. Then X = {x, y} is a harmonic index
2e-design on S1. So we see that A(2, t) = 2.
Next we consider the case when t = 2 and n ≥ 2. Let X = {e1, . . . , en} be an
orthonormal basis of Rn (that is, an antipodal half part of regular cross-polytope).
Then it is easy to see that X is a harmonic index 2-design on Sn−1. Therefore
A(n, 2) ≤ n. In fact, we will show A(n, 2) = n later. 1
Let Cλt (x) be the Gegenbauer poynomial of degree t, that is, when λ 6= 0,





and when λ = 0, it is the Chebychev polynomial of first kind, that is, C0t (x) =
Tt(x) = cos(t arccos(x)). {Cλt (x)} is a set of orthogonal polynomials on an in-
terval [−1, 1] with a weight function (1 − x2)λ−1/2 and so they have all roots









)− (n+t−3t−2 ). For x, y ∈ Rn, 〈x, y〉 denotes the standard inner prod-
uct. Then (for covenience, using the same symbol Qn,t), Qn,t(x, y) = Qn,t(〈x, y〉)
becomes the reproducing kernel on the Hilbert space Harmt(S
n−1) which consists
of all functions of Harmt(R
n) restricted on Sn−1 (refer to [11]). Also for a finite
subset X on sphere, we set I(X) = {〈x, y〉 | x, 6= y ∈ X}.
The following is the main theorem I in this paper, which gives a simple construc-
tion of harmonic index designs by using usual spherical designs in lower dimension
by 1.
Theorem 1. Let X be a spherical t-design on Sn−2, r a root of Qn,t(s). Set







∈ Sn−1 | x ∈ X
}
.
Then X ′ is a harmonic index t-design.
The proof will be given in Section 2. By Bondarenko–Radchenko–Viazovska’s
result in [5, 6], for a fixed n, there exists a spherical t-design on Sn−1 of size O(tn−1).
Hence Theorem 1 gives A(n, t) ≤ O(tn−2) as a function of t (see Corollary 2.1 in
Section 2 for more details).
1We note that this is also proved as follows. If X is a harmonic index 2-design in Sn−1, then
X∪(−X) is a spherical 3-design (possibly with multiplicities). The classification of tight spherical
3-desigs(possibly with multiplicities) implies the claim.
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Since the regular (2e + 1)-gon is a spherical (2e)-design on S1, by Theorem 1,
taking the radius suitably and putting it on S2, we obtain a harmonic index (2e)-
design on S2. To construct a harmonic index 4-design by Theorem 1, we must take
a regular 5-gon. By computer calculation, we will show that there does not exist a
harmonic index 4-design of 4 vertices on S2 and so A(3, 4) = 5. Moreover we will
show that the configuration of points giving A(3, 4) = 5 is essentially unique, that
is, they are given by the configuration obtained from a regular 5-gon using Theorem
1 (for these proofs, refer to Section 3). Similarly, from a regular 7-gon, we have
A(3, 6) ≤ 7. Also up to the present, we have not detected a harmonic index 6-design
with at most 6 vertices. From these facts, at first, we conjectured that a minimum
size harmonic index (2e+1)-design on S2 is always given by a regular (2e+1)-gon
and it is unique. But in fact, we realized from the following examples that, even if t
is big, there exists a harmonic index t-design with rather small number of vertices.
For examples, take 6 vertices of an antipodal half part from 12 vertices of a regular
icosahedron, then they form a harmonic index 8-design and moreover it is also a
harmonic index 14-design. This fact follows from the harmonic Molien series of
the icosahedral group. This number of vertices, 6 is far smaller than the number
of vertices for hamonic index 14-design, 15, which is obtained from the regular
15-gon on S1 by Theorem 1. A similar phenomenon can be seen in the following
example, too. For example, in the case when n = 8, the root system of type E8,
240 points (and its antipodal half part, 120 points) is a harmonic index 10-design.











= 672, and it is far bigger than 120. Also in the case
when n = 4, 120 points of the 600-cell (and its antipodal half part, 60 pointsjis
a harmonic index 58-design. While, the Fisher type inequality for usual spherical
58-designs on S2 ⊂ R3 gives a lower bound (3129) + (3028) = 900, and it is far bigger
than 60.
For spherical designs, there is the lower bound which is called the Fisher type
inequality (refer to [8]). The following is the main theorem II in this paper, which
gives a Fisher type inequality for harmonic index designs.
Theorem 2. Let X be a harmonic index t-design on Sn−1. Put
cn,t = − min
−1≤x≤1
Qn,t(x).
Then the following inequality holds:












Moreover, equality holds in (1) if and only if for any a ∈ I(X), cn,t = −Qn,t(a).
We note that, since Qn,t(x) is an orthogonal polynomial on [−1, 1], cn,t is always
positive. The proof of Theorem 2 will be given in Section 2. Denote the lower
bound of (1) by bn,tF













We are interested in the case when bn,t is an integer. In this case, if there exists a
harmonic index t-design X on Sn−1 whose cardinality is exaclty bn,t, then we say
that X is a tight harmonic index t-design. For example, in the case when t = 2,
bn,2 = n, and, as we stated above, an antipodal half part of a regular cross-polytope
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is a harmonic index 2-design with the cardinality |X | = n, and therefore it is a tight
harmonic index 2-design. In particular, we have A(n, 2) = n.
A tight harmonic index design forms equiangular lines (refer to Corollary 4.1 and
for equiangular lines, refer to Brouwer-Haemers[4, page 161]). Also fix n and make
t big limitlessly, then bn,t converges some value, and, in general, the convergence
value becomes bigger than the absolute bound n(n+ 1)/2 on equiangular lines on
R
n. Therefore we see that there hardly exists a tight harmonic index design for
general n, t. On non-existence of tight harmonic index design, refer to Section 4.
The contents of this paper is as follows. In Section 2, we will give the proof
of the main theorems I and II. In Section 3, we will state some calculation results
on harmonic index designs, in particular, we will state on a unique configuration
of points giving A(3, 4) = 5. In Section 4, we will give a necessary condition for
parameters such that a tight harmonic index design exists, and we will show that
tight harmonic index designs hardly exist. Also in Appendix I, we give a table
on bn,t of Theorem 2 for 3 ≤ n ≤ 10 and 4 ≤ t ≤ 20. In Appendix II, we will
give a Groebner basis used to show the uniqueness of points configuration giving
A(3, 4) = 5.
2. Proof of Main Theorems I,II
Proof of Theorem 1We use the construction of an orthogonal basis in Harmt(S
n−1)
which is given in Andrews-Askey-Roy [1, page 461]. But here, for convenience, we
use Qn,t(x) instead of C
λ
t (x) in [1]. Let dn,t := dimHarmt(S
n−1), and for 0 ≤ j ≤ t,
{Sj,l(ξn−1) : 1 ≤ l ≤ dn−1,j} be an orthogonal basis of Harmj(Sn−2) where









2Q2j+n,t−j(s) : 0 ≤ j ≤ t, 1 ≤ l ≤ dj,n−1
}
becomes an orthogonal basis of Harmt(S
n−1). It is clear that the sum over X for
functions in the above basis of Harmt(S
n−1) except for j = 0 is 0 since X is a
spherical t-design on Sn−2. Also in the case when j = 0, the function of the above
basis is Qn,t(s). Therefore, if we take a root of Qn,t(s) as r, then all functions of
the above basis satisfies that the sum over X ′ is 0, and the theorem follows. ✷
Lemma 2.1. X ⊂ Sn−1 is a harmonic index t-design if and only if∑
x,y∈X
Qn,t(〈x, y〉) = 0.
Proof. Let {fi(x) | 1 ≤ i ≤ dn,t} is an orthonormal basis of a Hilbert space Harmt(Sn−1).
Then since Qn,t(x, y) is the reproducing kernel of Harmt(S
n−1), we have the fol-
lowing addition formula:

























From this equation, this lemma follows. 
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By combining Theorem 1 with results in [5, 6] (see Remark 1 below for more
details), we obtain the following corollary:
Corollary 2.1. There exists a constant Cn−2 depending only on n such that for
each N > Cn−2t
n−2, there exists a spherical design of harmonic index t on Sn−1
of size N .
Remark 1. Let us fix n and t. In [5], Bondarenko–Radchenko–Viazovska proved











for any polynomial f(x) of degree at most t, where Cn−1 is a constant depending
only on n. It should be remarked that a sequence x1, . . . , xN ∈ Sn−1 with the
property (2) is called a “spherical t-design” in their paper. However, in our def-
inition of spherical designs, a sequence x1, . . . , xN is required to be distinct each
other. In [6], Bondarenko–Radchenko–Viazovska improved their result as follows:
there exist positive constants C′n−1 and λn−1 depending only on n such that for
each N > C′n−1t
n−1, we can find a “spherical t-design” x1, . . . , xN ∈ Sn−1 in their
sense with
|xi − xj | > λn−1N−1/(n−1) for any distinct i, j.
Especially, x1, . . . , xN ∈ Sn−1 gives a spherical t-design of size N even in our sense.
Proof of Theorem 2 Let F (s) := cn,t +Qn,t(s). Then from the definition of cn,t,
F (s) is a non-negative function on [−1, 1]. We evaluate ∑x,y∈X F (〈x, y〉) in two
ways.
Since X is a harmonic index t-design, by Lemma 2.1,
∑





F (〈x, y〉) =
∑
x,y∈X
(cn,t +Qn,t(〈x, y〉)) = cn,t|X |2.











F (〈x, y〉) ≥
∑
x∈X













By (3) and (4), we have the following inequality:

























Moreover, equality in this inequality holds if and only if equality holds in (4), that
is, for any x, 6= y ∈ X , cn,t +Qn,t(〈x, y〉) = 0. Therefore the final assertion of the
theorem follows. ✷
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3. Some calculation results
First we apply Theorem 2 to the case when n = 2. SinceQ2,t(x) = 2 cos(t arccos(x)),
c2,t = − min
−1≤x≤1
2 cos(t arccos(x)) = 2.
Therefore, we have













and so A(2, t) ≥ 2. Let x, y be two unit vectors with angular θ = jpi/2e where
j is odd. Then X = {x, y} is a harmonic index (2e)-design on S1 and we have
A(2, t) = 2. Conversely let X = {x, y} ⊂ S1 be a harmonic index t-design with two
vertices. From the final assertion of Theorem 2, cos t〈x, y〉 = −1 must hold. Hence
we see that X must be obtained by the above construction.










This value is given at x = 0. Therefore, we have













and An,2 ≥ n. Let X = {ei | 1 ≤ i ≤ n} be an orthonomal basis of Rn. Then
X is a harmonic index 2-design on Sn−1 and so we have A(n, 2) = n. Conversely
let X be a harmonic index 2-design on Sn−1 with n vertices. Then From the final
assertion of Theorem 2, we see that, for any x 6= y ∈ X , 〈x, y〉 = 0. So X must be
an orthonormal basis of Rn.
The first non-trivial case is the case when n = 3 and t = 4.
Theorem 3. A(3, 4) = 5. Moreover a harmonic index 4-design with 5 vertices on
S2 is congruent to the following X±0 or any one of the configurations obtained by
















































































































Here double-sign is corresponding.
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c3,4 = 27/7. So b3,4 = 10/3 = 3.333 . . . and we have A(3, 4) ≥ 4. Next in order to
give an upper bound of A(3, 4), we apply Theorem 1. A regular 5-gon is a spherical
4-design on S1 (cf. [2, 12]). Hence by Theorem 1, adjusting the radius of a regular
5-gon suitably and putting it on S2, we obtain a harmonic index 4-design with 5
vertices on S2. These two configurations obtained in this way by using two positive




0 in the assertion of the theorem. Thus we have
A(3, 4) ≤ 5. A problem is whether there exists a harmonic index 4-design with 4
vertices on S2. We can solve this problem by the direct calculation as follows.
Take the following basis of Harm4(R
3).
H = {x3y − xy3, x3z − 3xy2z, 3x2yz − y3z, x4 − 6x2y2 + y4, 4xz3 − 3x3z − xy2z,
4yz3 − 3x2yz − 3y3z, 6xyz2 − x3y − xy3, 6x2z2 − x4 − 6y2z2 + y4,
8z4 − 24x2z2 − 24y2z2 + 3x4 + 6x2y2 + 3y4}.
Let X be a four point subset on S2. Since the property as harmonic index de-
sign is invariant under orthogonal transformations, by Lemma 2.1, without loss of
generality, we may put the points of X as follows:
X = {x1 = (1, 0, 0), x2 = (s21, s22, 0), x3 = (s31, s32, s33), x4 = (s41, s42, s43)}.
Here s21, s22, . . . , s43 are variables and satisfy 〈xi, xi〉 = 1 for i = 1, . . . , 4. Let
EQ1 = {〈xi, xi〉 − 1 | i = 1, . . . , 4}, EQ2 =
{∑
x∈X
f(x) | f ∈ H
}
.
By Definiton 1.1, X is a harmonic index 4-design if and only if, for any f ∈ H ,∑
x∈X f(x) = 0. Thus, the common zeros of EQ := EQ1 ∪ EQ2 give exactly
harmonic index 4-designs. We calculated the ideal which is generated by EQ in
a multivariate polynomial ring R[s21, s22, . . . , s43] by Groebner bases function in a
computational algebra system, Magma, and we found that the ideal equals to the
whole of the ring. It means that there is no common zero of EQ and therefore,
that there does not exist a harmonic index 4-design with 4 vertices on S2.
Next we show the uniqueness of configurations giving A(3, 4) = 5. Suppose t is
even. Here we note that, for a harmonic index t-design, even if we replace some
points of them to its antipodal points, it also becomes a hamonic index t-design.
In order to prove the uniqueness, first we count the number of the configurations
given in the assertion of the theorem. As a promise to count them, we put X =
{x1, x2, . . . , x5}, and two points in its five points are put as x1 = (1, 0, 0), x2 =
(a, b, 0), and we count the number of values a, b and the coordinates of x3, x4, x5
such that X is congruent to any one of the configurations given in the assertion













30. X±0 in the theorem are exactly ones obtained by Theorem
1 with r1 and r2, respectively, and they are cited as the small 5-gon and the big 5-
gon on S2, respectively. First, on X±0 and the configurations obtained by replacing
some points in X±0 to its antipodal points (which are said to be the derived ones
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by this operation), we can confirm by numerical calculation that exactly 8 values
appear among I(X)’s for the configurations X ’s which are given in the assertion of
the theorem. The 8 values of inner products are given by the following pairs of two
points: two vertices neighboring on the small 5-gon, two vertices on the diagonals of
the small 5-gon, a vertex of the small 5-gon and the antipodal points of the neighbor
vetices on the 5-gon, a vertex of the small 5-gon and the antipodal points of the
diagonal vertices on the 5-gon, and 4 kinds of the corresponding ones for the big
5-gon. The number of them is 8 in all. In particular, inner products appearing in
these pairs of two points are all different. This fact means that, once we determine
a distance between a pair of two points, it is determined which configuration the
whole five points are on , the small 5-gon and the derived one, or the big 5-gon and
the derived one.
First fix x1 = (1, 0, 0). For each of the above 8 distances, there are two choices
to put x2 by the distance from x1 to a clockwise direction or a counterclockwise
direction on the equator. Hence there are 16 choices as a position of x2 overall.
From the above fact, by the distance x1x2, it is determined which configuration the
whole five points are on, the small 5-gon and the derived one, or the big 5-gon and
the derived one. Hence after determining the distance x1x2, there are 6 positions
to put x3 among the remaining vertices of 5-gons and the derived one, and the
positions all have different combinations of distances from x1 and x2. For each
combination of distances, we need to choose which x3 is on, the north hemisphere
or the south hemisphere, so we have two choices. Finally, we have 12 choices as
positions of x3. Similarly, after determining the coordinates of x1, x2 and x3, we
see that there are 4 combinations of distances x1x4, x2x4, x3x4. Since a coordinate
of a point in R3 is determined by distances from linearly independent three points,
a coordinate of x4 is determined by a combination of distances. Similarly, after
determining the coordinates of x1, . . . , x4, there are 2 positions to put x5. After
all, we see that there are 16 × 12 × 4 × 2 = 1536 combinations for coordinates of
x2, . . . , x5 overall.
Next, we carry out a Groebner basis calculation for the case of five points in a
similar way to the case of four points. Let H be the same as the above and
X = {x1 = (1, 0, 0), x2 = (s1, s2, s3), x3 = (s4, s5, s6), x4 = (s7, s8, s9), x5 = (s10, s11, s12)},
where s3 = 0. Also let
EQ′1 = {〈xi, xi〉 − 1 | i = 1, . . . , 5}, EQ′2 =
{∑
x∈X
f(x) | f ∈ H
}
.
Similar to the case of four points, the common zeros of EQ′ := EQ′1 ∪ EQ′2 give
exactly harmonic index 4-designs. For the ideal generated by EQ′ in a multivariate
polynomial ring R[s1, s2, s4 . . . , s12], we calculate a Groebner basis of a lexicograph-
ical order using Magma. the calculation result is given in Appendix 2.








12 − 1302s612 + 627s412 − 126s212 + 9,
f2 = 931s
8
12 − 1428s612 + 732s412 − 144s212 + 9.
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We checked by Sturm’s theorem that f1 and f2 have the eight real zeros. First for
eight zeros of f1 in s12, we investigate possible values for s1, . . . , s11. Since P15 is
divided by f1, we do not need to consider P15 for zeros of f1. For each value of s12,
the value of s11 is determined by a polynomial P14 in s11, and there are at most
4 possible values. Similarly, for each possibility of s12 and s11, s10 has at most 2
possibilities by P13. We are to determine the number of possibilities for s1, . . . , s11
in this way. P12 is divided by f1. s9 has at most 4 possibilities by P11. s8 has
at most a possibility by P10, s7 has at most a possibility by P6, s6 has at most 2
possibilities by P5, s5 has at most a possibility by P4, s4 has at most a possibility by
P3, s2 has at most 2 possibilities by P2. s1 has at most a possibility by P1. Finally,
from the zeros of f1, the total number of possibilities for s1, . . . , s11 is 8× 42 × 23.
Similarly we count the number of possibilities in the case of 8 zeros of f2. Since P15
is not divided by f2, for each zero of f2, s11 has at most 2 possibilities by P15. s10
has at most 2 possibilities by P13, s9 has at most 2 possibilities by P12. Since P8,
P9, P10 and P11 are in the ideal generated by P12, P13, P14, P15 and P16, s8 has
at most 2 possibilities by P7. s7 has at most a possibility by P6, s6 has at most 2
possibilities by P5, s5 has at most a possibility by P4, s4 has at most a possibility
by P3, s2 has at most 2 possibilities by P2. s1 has at most a possibility by P1.
Finally, for the zeros of f2, the total number of possibilities is 8×26. In conclusion,
the number of the common zeros of EQ′ is at most 23 × 42 × +8 × 26 = 29 × 3,
which is equal to the number of examples given in the assertion of the theorem.
This completes the proof of the theorem. 
From the Groebner basis calculation, which is used in the proof of Theorem 3, and
the existence of an antipodal half of vertices of icosahedron, we see 5 ≤ A(3, 8) ≤ 6.
Other exact values of A(n, t) are all open.
4. On existence of tight harmonic index design
In this section, we investigate the conditions for the existence of tight harmonic
index designs. First we show the following:
Corollary 4.1. Suppose that bn,t is a natural number and X is a harmonic index
t-design on Sn−1 with |X | = bn,t. Then there exists some α ∈ [−1, 1] such that
I(X) = {±α}.
Proof. By the final assertion of Theorem 2, for any α ∈ I(X), Qn,t(α) must attain
the minimum of Qn,t(x) on [−1, 1]. But it is known that local minima of Gegen-
bauer polynomials change monotonously from the origin (cf. Szego¨ [17, 168 page]).
Hence the minimum point α is unique. Therefore the assertion of the corollary is
concluded. 
Let Jα(z) is the Bessel function of the fist kind for parameter α. Refer to [1, 17]
on Bessel funtion. jα,k denotes the k-th positive root of Jα(z).







(z). Then fix n and make t tend to
infinity, then
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Proof. Let α =
n− 3
2
and Pn,t(s) = Bn,tQn,t(s). Here the normalization factor





. Then under the notation in Szego¨[17],
Pn,t(s) = P
(α,α)
t . Also denote by c
′























































Since local minima of Pn,t(s) change monotonously from the origin, the minimum is
attained at the maximum root of Pn+2,t−1(s). Let −1 < x(t)n,t < x(t)n,2 < · · · < x(t)n,1 <
1 be the roots of Pn,t(s), and set x
(t)








. So the minimum














. The following convergence is














This convergence is uniform in every bounded region of the complex z-plane. Also
by [17, 192 page], limt→∞ tθ
(t)



































n+2,1 = 1·jα+1,1 = jα+1,1.



































By (6) and (7), the proof of the proposition is completed. 
The set of lines passing through the origin in Rn is called equiangular lines
if any distinct two lines in the set make the same angle. If X ⊂ Rn satisfies
I(X) = {±α}, the set of lines combining the origin and the points of X forms
equiangular lines. Since x and −x give the same line, we obtain equiangular lines
with at least |X |/2 lines from this construction. If a tight harmonic index t-design
X exists, then I(X) = {±α} by Corollary 4.1, and since X = −X does not hold
by the tightness, we obtain equiangular lines with at least |X |/2 + 1 lines. It is
well-known that the cardinality of equiangular lines in Rn is bounded above by
n(n + 1)/2 ([14]). For small n’s, calculating the covergence value of Proposition
4.1, we have b3 = 3.482871935 (6), b4 = 5.079602836 (10), b5 = 8.559751097 (15),
b6 = 16.42679115 (21), b7 = 35.11842602 (28), b8 = 81.85047703 (36), b9 =
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204.5294426 (45), b10 = 541.6547218 (55) where the parentheses denotes the value
n(n+1)/2 for each n. Hence we see that, for n = 8, 9, 10, a tight harmonic index t-
design does not exist for large enough t. Also we note that bn,t is not monotonously
increasing in the case when n = 4.






In particular, bn,4 is an integer if and only if n is not divided by 3. Furthermore,
in that case, for X ⊂ Sn−1 with |X | = bn,4, the following are equivalent:






























. Therefore, we have bn,4 =
(n+ 1)(n+ 2)
6
. It is clear that bn,4 is an integer if
and only if n is not a multiple of 3. Also the latter of the assertion in the proposition
follows from the final assertion of Theorem 2. 
Lemma 4.1 (Musin[15]). Let N be a natural number and 0 < α < 1. Then the
following are equivalent:
(i) there exists X ⊂ Sn−1 with |X | = N and I(X) ⊂ {±α},















By Lemma 4.1, we have the following corollary:
Corollary 4.2. For t = 4 and n = 4, 5, there does not exist a tight harmonic index
4-design.
Proof. We show the case when t = 4 and n = 4. The case when n = 5 is shown







. By Lemma 4.1, in this case, there exists Y ⊂ S2 such that




















But Y is a regular simplex on S2 with I(Y ) = {−1/3}. This is a contradiction. 
In order to show the non-existence of tight harmonic index 4-designs on Sn−1 for
some more n, we use the method of Einhorn-Schoenberg [9]. The finite subset X on
Euclidean space is called a 2-distance set if the number of distances appearing on
12 EIICHI BANNAI, TAKAYUKI OKUDA, AND MAKOTO TAGAMI
X is exactly 2. Let X = {x1, . . . , xm} be a 2-distance set with distances {1, (<)b}.
Construct a graph G = (X,E) for X as follows. The vertex set is X , and the edge
is joined when and only when the distance is b. Let B be the adjacency matrix
of G indexed by X = {x1, . . . , xm}. Put C := (b2 − 1)B + J − I. Let L be a
(m− 1)× (m− 1) matrix with the (i− 1, j − 1)-entry Li−1,j−1 := C1i + C1j − Cij
where Cij denotes the (i, j)-entry of C and i, j move from 2 to m. Then if X can
be isometrically embedded in Rn, then the rank of L must be at most n.
Let X be a tight harmonic index 4-design on S6. Then by Proposition 4.2,
|X | = 12, I(X) ⊂ {±
√
3/11}. In particular, there must be a 2-distance set of 9





on R7. By using Magma and the database of graphs with
9 points (including inconnected ones), we checked by the above method whether
there exists a graph of 9 points which can be isometrically embedded in R7 as a 2-





, and from this calculation, we found 60 possibilities
of graphs among them. Next considering all extensions of the 60 possibilities to
graphs of 10 points, we checked by the above method whether there exists an





among them, and we found that such an extended graph of 10 points does not






and in particular, there does not exist a tight harmonic index
4-design on S6.
Similarly let X be a tight harmonic index 4-design on S7, then |X | = 15, I(X) ⊂
{±1/2}. Particularly, there is a 2-distance set of 10 points with b2 = 3 in R8.
Running through all graphs of 10 points, we investigated whether there is a graph
whose L is of rank at most 8, and we found that there is not such a graph. This
means that there is not a 2-distance set of 10 points with b2 = 3 in R8. Therefore
we see that there is not a tight harmonic index 4-design on S7.
Next we consider the case when n = 10. In this case, let X be a tight harmonic







. By Lemma 4.1, there is













point of X ′ and set Xα and Xβ to be subsets of X
′ with inner products α and β
from the point, respectively. Each of them lies on the circle with the same latitude.
By Pigeonhole principle, |Xα| ≥ 10 or |Xβ| ≥ 10. In particular, considering like

















on S7. Similar to the
above, by Einhorn-S choenberg’s method, we checked for all graphs of 10 points
whether there is a 2-distance set with the above inner product in R8, and we found
that there is not such a graph. Therefore, finally, we see that there is not a tight
harmonic index 4-design in R10.
Finally we use the following theorem to investigate the existence of tight har-
monic index 4-designs.
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Theorem 4 (Larman-Rogers-Seidel[13]). Let X ⊂ Rn be a 2-distance set with
distances α, (<)β. If |X | > 2n+3, then there is a natural number k at least 2 such
that α2/β2 = (k − 1)/k.
From this theorem, we have the following:
Theorem 5. Let X be a tight harmonic index 4-design on Sn−1. Then n = 2 or
there is an odd p ≥ 5 such that n = 3p2 − 4.
Proof. Suppose n ≤ 10. By Proposition 4.2, when bn,4 is an integer, n = 2, 4, 5, 7, 8, 10.
But as we mentioned above, in these cases, there is not a tight harmonic index 4-
design. Therefore we suppose n ≥ 11, and then bn,4 ≥ 2n+ 4. By Proposition 4.2,
if X is a tight harmonic index 4-design on Sn−1, then X is a 2-distance set with
I(X) = {±
√




















Hence if we put p = 2k − 1, then n = 3p2 − 4.
When p = 3, that is, n = 23, a tight harmonic index 4-design X in R23 satisfies
|X | = 100 and I(X) = {± 13}. So we obtain equiangular lines of at least 51 lines in
R
23. But, since the maximum number of equiangular lines with inner product 1/3
is 44 ([14]), there is not a tight harmonic index 4-design in R23. 
Remark 2. Wei-Hsuan Yu (University of Maryland) informed us in a private com-
munication (July, 2013) that there are no tight harmonic 4-designs for p = 5, 7, 9 in
Theorem 5. He showed that in these 3 cases the maximum sizes of equiangular lines
with inner product 1/p are respectively 416, 1506, 3952, by using the semi-definite
programming, which are strictly smaller than (n + 1)(n + 2)/6 = 876, 3480, 9640
(respectively), and this is a contradiction. Similar results are also expected for
larger p, but it seems difficult to deal with the semidefinite programming for larger
dimensions.
Acknowledgement. We are grateful to A. Munemasa for his help to the Groebner
basis calculation in this paper. Also we would like to thank A. Barg, O. Musin and
W-H. Yu for the fruitful discussion. E. Bannai is supported in part by NSFC grant
No. 11271257. T. Okuda is supported by Grant-in-Aid for JSPS Fellow No.25-6095.
5. Appendix I
In the table below, n denotes the dimension, t the harmonic index, the inner
value is the corresponding bn,t.
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n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n = 9 n = 10
t = 4 3.33.. 5 7 9.33.. 12 15 18.33.. 22
t = 6 3.41.. 5.29.. 7.69.. 10.69.. 14.33.. 18.67.. 23.76.. 29.68..
t = 8 3.44.. 5.41.. 8.01.. 11.35.. 15.55.. 20.72.. 27.004.. 34.52..
t = 10 3.45.. 5.47.. 8.18.. 11.73.. 16.26.. 21.97.. 29.04.. 37.69..
t = 12 3.46.. 5.51.. 8.28.. 11.95.. 16.71.. 22.77.. 30.39.. 39.84..
t = 14 3.46.. 5.53.. 8.35.. 12.10.. 17.22.. 23.32.. 31.33.. 41.37..
t = 16 3.47.. 5.54.. 8.39.. 12.21.. 17.37.. 23.71.. 32.01.. 42.48..
t = 18 3.47.. 5.56.. 8.42.. 12.28.. 17.37.. 24.004.. 32.51.. 43.32..
t = 20 3.47.. 5.56.. 8.45.. 12.34.. 17.49.. 24.22.. 32.89.. 43.97..
6. Appendix II
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